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Abstract 

The four dimensional SU(3) WZW model coupled to electromagnetism is treated 
as a constrained system in the context of Batalin-Fradkin-Vilkovisky formalism. It is 
shown that this treatment is equivalent to the Faddeev-Jackiw (FJ) approach. It is 
also shown that the held redefinitions that transform the fields of the model into BRST 
and a closed are actually the Darboux's transformations used in the FJ formalism. 
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1 Introduction 



In || the SU(2) WZW model coupled to electromagnetism was treated as a constrained sys- 
tem in the context of the Batalin-Fradkin-Vilkovisky (BFV) formalism [|TJ . Comparison was 
made between this method and the Faddeev-Jackiw (FJ) approach to constrained systems. 
Common features were emphasized. In this letter we extend this analysis in the SU(3) case. 

In the FJ []2| approach we start with a Lagrangian density first order in time derivatives. 
Then by using Darboux's theorem and Euler-Lagrange equations we transform it into an 
expression whose canonical one-form is diagonal and where the constraints occur in specific 
terms linear in coordinate variables. Next we solve the constraint equations and after sub- 
stituting the solutions into the expression for the Lagrangian density we repeat the whole 
process again until we end up with an unconstrained Lagrangian density, with diagonal 
canonical one form and whose phase space is reduced. On the contrary in the BFV formal- 
ism the phase space of the theory is extended. This is done in two steps. First a canonical 
momentum conjugate to every Lagrange multiplier is introduced (which has to vanish) so 
increasing the number of constraints. Second a ghost field is introduced for every constraint 
so extending the phase space of the theory. The gauge fixing is done by properly choosing 
the gauge fermion. 

2 The SU(3) WZW model coupled to electromagnetism 

In the SU(3) WZW model coupled to electromagnetism ||, |5| was treated as a constrained 
system in the context of the FJ formalism. This model describes the low energy interactions 
of the eight Goldstone bosons and photons including those related to the axial anomaly. The 
effective action of the model up to second order in the pion fields 9 a , a = 1, 8 is given 
by 

£ eff = £EM + £ { * ) +£ i w ) zw + 0(6 3 ) , (1) 
£em = —-F flu F fJ " l/ , 

+ e l All A^el + el + el + el) , 

and as an expression first order in time derivatives of the fields is written as follows 

£ eff = -7T • A + p A - H< 2) - A (p< 2 ) - V • tt) + 0(9 3 ) , (2) 

4 2) = \y + b 2 + (w a ) 2 + p 2 ] + e ^A\el + el + el + el) 

i 



N e 2 1 
+ eA • (0!V0 2 - e 2 V6 1 + 4 V0 5 - 9 5 V9 4 ) - 7rV(7r • B)(0 3 + -^s) , 

D7T It,- V3 

P (2) = e(p 2 #i -P162 +P564 -P4O5) ■ 

See Appendix for notation. 

The corresponding BFV action is given by 

Sbfv = J d 4 x(-n • A + ^qAo + p«0« + CV + CP - H^) + | dt[tt, Q]) (3) 

The scalar potential has become a full dynamical variable and its conjugate momentum n 
has to vanish. We have also introduced the canonical pair (C, V) of a ghost field and its 
conjugate mometum corresponding to the constraint G\ = — V-7T, and the canonical pair 
(C, V) of an antighost field and its canonical momentum, corresponding to the constraint 
G 2 = n . \& is the gauge fermion and Q is the BRST charge. The two constraints are first 
class. The BRST charge is given by 

Q = J d 3 x[C(p {2) - V • tt) + iVno] (4) 

The canonical Hamiltonian / d 3 xH^ and Sbfv are invariant under the BRST transforma- 
tions 

sA = -VC , sC = , 

SV = V • 7T - p (2) , S7T = , 



(5) 
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ep 5 C 
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ep^C 


s9 3 = 
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s6 7 


= S0 8 


= , 
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spe = 


sp 7 


= sps 


= . 



We decompose A and 7r into transverse (A T , 7r T ) and longitudinal (A L , 7r L ) compone- 
nents 

A T = A — VA L ' , A L = VA L ' , A L ' = -^(V-A) , 

_T ^ V L ^ V V V7 _ 

7T = 7T — — 7T , 7T = —TV , 7T = V • 77 . 

The following field redefinitions 

Pi — > pi cos a + p 2 sin a , #1 — > #i cos a + 9 2 sma , 
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P2 —> P2 cos a — pi sin a , 9 2 — > 9 2 cos a — 81 sin a , 

Pi — > ^4 cos a + £>5 sin a , #4 — > #4 cos a + #5 sin a , (6) 

P5 Pa cos a — P4 sin a , #5 — > #5 cos a — #4 sin a , 

where a = eA L ' , transform f and Pi fields (z = 1, 2, 4, 5) into BRST and a closed (physical). 
So we have 



and 



sA L ' ■ 


= -c , 


sC = , 


SV = 7T L 


' - 


S7T L ' = , 


sA -- 


= tV , 


sP = , 


sC = 


-Z7r , 


S7T = , 


= , 


■SPa = 


, a = 1,2. 


sA T 


= , 


S7T T = , 


a(-C) = 


= , 


aA L ' = , 


air 1 ' 


= P , 


aP = , 


a(iV) 


= A) , 


aA = , 


a(-iiio) 


> = C , 


<x(C) = , 


= , 




, a = 1,2 


crA T 


= , 


a7r T = , 



(7) 



(8) 



where a is the contracting homotopy operator |§. Note that there is no way that we can 
transform the fields A L , A , C, C, V, V into BRST and a closed. 
Now we solve for C, V , 7r L and n from (7) 

C = -sA v , P = -isA , ^ = ^-(sV + p {2) ) , 7r = isC , (9) 

and after performing the transformations (6) in (3) we substitute C, V, 7T L , 7t from (9). We 
end up with the following expression for Sbfv 

Sbfv - J d 4 x[-7r T • A T + pA - Hg } + sF^] + J dt[*, Q] , (10) 



.2 



+ eA T • (6{ve 2 - e 2 ve 1 + e 4 ve 5 - e 5 ve 4 ) + |-(a t ) 2 (# 2 + e 2 2 + el + el) 
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(2) 

where Hq is the Coulomb gauge Hamiltonian. 
Finally we fix the gauge fermion as follows 



* = - / d 3 xF {2) 



and we get a Coulomb gauge expression for the effective action with the unphysical A L 
cancelled out. In M in the context of the FJ formalism we solved the constraint p^ — V-7r = 
for 7r L and we substituted back into the expression (2) for the effective Lagrangian density. 
We came up with an uncanonical expression which was diagonalized by performing the 
transformations (6). So it turns out that (6) are actually the Darboux's transformations of 
the FJ formalism needed for this case. 



3 Keeping next order terms 

The effective Lagrangian density up to third order in 9 a is given by 

Ceff = £em + 4 2) + C$zw + twzw + 0(9') , (11) 
where C^f 1 and Cyyzw are gi ven i n (1) an d 



c wzw = -TTTs^^Mi ^ - o 2 dj 1 + e A d a e 5 - e s dM{d p e 3 + -=d p e. 

' : e^(d ti A„){9rd a e 6 -9 6 d a 9 7 )dp9 s 



7Sj 



AT e 1 

+ ^j-^ aP (d,Au)(d a A,){\A{9l + 91) + 5(91 + 0§)]0 3 

+ V3[2(9l + 9 2 2 ) + 9j + 9 2 5 )0s + 2[(9 1 B 5 - 9 2 9 4 )9 7 + (9,9 4 + 9 2 B 5 )9 6 }} 

N p 2 1 
- ^p^MduA a )(9 3 + -^9 8 )dM + 91 + fl 4 2 + 91) . 

In the non-covariant notation, as an expression first order in time derivatives of the fields, 
C e ff is given by 

C e ff — —it • A + p a 9 a - H< 2) - Flf - A (p( 2 ) + - V ■ tt) + 0(# 4 ) , (12) 
where and p^ 2 -* are given in (2) and 

^ 3) = "TT73 ^ x + 4= ^) - (Ps + 4ps) B )] • - 02 V0! + 4 V0 5 - 5 V0 4 ) 

37i V3 V3 

iV e 

' (tt x V# 8 - p 8 B) • (0 7 V0 6 - 9 6 \79 7 ) 
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+ 



N c e 2 

97T 2 /. 3 



+ >/3[2(0? + £ 2 2 ) + 2 + # 5 2 ]# 8 + 2[(6»i0 5 - 9 2 e 4 )9 7 + (0^4 + W^e]} 
N p 2 1 

- x a) ■ [v(£ 2 + el + 91 + 9l)}(9 3 + ^=e 8 ) 

2N e 2 1 

- ^^(a • b)( Pi 0! + P2 9 2 + P4 e 4 + P5 e 5 )(e 3 + -j=e 8 ) 

N e 1 

- P • V(0 3 + ^ 8 )]Ml - Plfc + P5^4 " P^) 



:b-v^ 8 )(p 6 ^-pa) , 



p (3) = -^|v ■ [B(0 2 + 2 + el + el)(e 3 + ±9 8 )} . 

The BFV effective action is given by 

Sbfv = J d 4 x(-7T • A + ttqAo + P A + CV + CP- H^ 2) - Hf ) + | dt[tt, Q] (13) 

As in the previous case 7r is the canonical momentum conjugate to A and has to vanish 
and we have also introduced the canonical pair (C, V) corresponding to the constraint G 1 = 
pi 2 ) _|_ p(3) _ y . Tj- ) anc i the canonical pair (C,V) corresponding to the constraint G 2 = 7To. 
Also by ^ and Q we denote the gauge fermion and the BRST charge respectively. 

Q = J d 3 x[C(p {2) + p (3) - V • tt) + iVn ] (14) 

The canonical Hamiltonian / d 3 x(HQ 2 ^ + Hq 3 ^) and SWv are invariant under the following 
BRST transformations 

sA = -VC , sC = , 

A7" p 2 1 

sv = v • tt - P v _ p (3) , S7r = f^v[(^ 2 + 2 + e\ + el)(e 3 + -±=e 8 )\ x vc , 

sA = iP , sV = , 

S(7 = — 27T , S7T = , (15) 

2N e 2 1 
^ = - e e 2 C , s Pl = -ep 2 C - T ij 3 -(B • VC)^ + -^s) , 

3vr^/^ V3 

27V p 2 1 
S 2 = e^C , sp 2 = e Pl C - ^^(B • VC)0 2 (0 3 + -=0 8 ) , 

3vr 2 /^ V3 

s e 3 = , SP3 = -^|( B • vc )(^ + °l + + °D » 

5 



(16) 



2N e 2 1 
S 4 = _ e e 5 c , S p 4 = -ep 5 C - ^^(B • VC)# 4 (tf 3 + ^=0 8 ) , 

2N e 2 1 
s6 5 = e6 A C , sp 5 = ep A C - — (B • VC)fl 5 (# 3 + -j=e 8 ) , 

m it v3 

^ 8 = o, s P8 = -^§^(b • vc)(^ + e\ + e\ + e 2 5 ) , 

s9q = s6 7 = sp 6 = sp 7 = . 
The following field redefinitions 

6\ — > 6\ cos a + e 2 sin a , 
e 2 — > 6*2 cos a — #i sin a , 
#4 — > 6*4 cos a + 6> 5 sin a , 
6*5 — > 6*5 cos a — #4 sin a , 

w T - *r T - $£v[(0? + 01 + e\ + e 2 )(e 3 + ±e 8 )\ x a l , 

Pi pi cos a + p 2 sin a + |^(B • A L )(6»! cos a + 2 sin a)(6» 3 + ^# 8 ) , 
p 2 — ► p 2 cosa - pi sin a + f^f ( B ■ A L )(6> 2 cosa - 0isina)(0 3 + ^0 8 ) , 

ps - ps + is|(B • A^(e 2 + e\ + e\ + e\) , 

Pi — >■ P4 cos a + p 5 sin a + (B • A L ) (0 4 cos a + 5 sin a) (0 3 + , 
Ps -» P5 cos a - pi sin a + §^rj|(B • A L )(6» 5 cosa - 6> 4 sin a) (6> 3 + ^0 8 ) , 

P8 - P8 + ^fe( B • AL )(^1 2 + *2 + ^ + 01) ■ 

transform the fields 0j (i = 1, 2, 4, 5) , p^ (i — 1, 2, 3, 4, 5, 8) and 7r T into BRST and a closed. 
( The same notation as in the previous case is kept ). 

sA L ' = -C , sC = , 

sV = ^ _ p m _ p (3) j S7r L' = ? 

sA = iP , sP = , 

sC = —irt , S7i = , (17) 

se a = , sp a = , a = 1,2, ...,8 

sA T = , stt t = , 

and 

a{-C) = A L> , aA L ' = , 

an L ' = V , = , 



a(iP) =A , aA = , 
a(-m ) = C , a(C) = , (18) 
aO a = , ap a = , a = 1,2,.. .,8 
(jA T = , <ttt t = . 
Now we proceed as in the previous case and solve for C, V , 7r L and 7r from (17) 

C = -sA L> , P = -isA , 7r L = -^(sP + p^+p^) , 7^ = ^(7. (19) 

After performing the transformations (16) in (13) and substituting the expression of C, V , 
7r L and tt from (19) we obtain the following expression for Sbfv 

Sbfv - J d 4 x[-7r T • A T + pA - 4 2) - Hg> + s(F( 2 ) + F^)] + J dt[tt, Q] (20) 
where Hq^ and are given in (10), 

H c ] = ~£^^ T x V ^ 3 + 7^) - (p 3 + 7f Ps)B)] ■ ( ^ lW2 " ^ 2Wl + ^ Ws ~ d5Vd ^ 

N e 

' (tt t x V0 8 - P8 B) • (0 7 V0 6 - 6 V0 7 ) 



+ ^(^ T • b){[4(^ 2 + el) + 5(91 + 9l)]9 3 

+ Vs[2(9l + e\) + el + # 5 2 ]0 8 + 2[(0A - W0 7 + (0i0 4 + 020 5 )0e]} 

- >< AT ) ' + Q l + ^ 2 + + ^=<? 8 ) 

2N e 2 1 

- T^IA 7 • B)( Pl ^ + p 2 2 + p 4 4 + p 5 5 )(0 3 + -^s) 

iV e 1 

' [B • V(0 3 + "^MWl - Pl#2 + P5#4 - P4# 5 ) 



37r 2 /r V v/3 
TV e 

-/^(B-WsXpe^-pA) 



and 



f( 3 ) = ^p {3) + 3^[(^^) x v(^ 3 + -j=o % )\ ■ {e l ve 2 - e 2 ve, + e 4 ve 5 - e 5 ve 4 ) 



A 2 [^v) ■ B{[A(el + el) + 5(# 4 2 + el)]e 3 



+ v / 3[2(^ 1 2 + e 2 2 ) + e\ + e 2 5 }e 8 + 2[{e& - e 2 e 4 )e 7 + (e 1 e 4 + e 2 e 5 )e 6 }} 

N e V 

+ ^[(^) x a t ] • [v(0 2 + el + el + 5 2 )p 3 + ^ 8 ) • 



Finally by fixing the gauge fermion as follows 

* = -/ d 3 x(F® + F®) 

we end up with a Coulomb-gauge expression for the effective action. In [0] in the context of 
the FJ formalism we solved the constraint p^ + p^ — V7r = for n L and we substituted 
into the expression (12) for the effective Lagrangian density. The resulting uncanonical 
expression was diagonalized by performing the field transformations (16). So it shown that 
also in this case the field transformations that transform the fields of the model into BRST 
and a closed are the Darboux's transformations of the FJ approach. 

4 Conclusion 

The four dimensional SU(3) WZW model coupled to electromagnet ism was treated in the 
context of the BFV formalism for constraint systems. Comparison was made with the FJ 
approach and common features were stressed. It was shown that the field redefinitions 
that transform the fields of the model into BRST and a closed are actually the Darboux's 
transformations of the FJ approach. 

We wish to thank Dr. Kostas Skenderis for useful discussions. 

5 Appendix 

Our metric is g^ = diag(l, —1,-1, —1) . We choose e > 0. We define e 0123 = 1 . By 7r we 
denote the electric field E so that (7r M , A^) fj, — 0, 1, 2, 3 is a canonical pair. We made use of 
the following Poisson brackets 

[^(x,t),^(y,t)]=^(x-y) , 
[0 o (x,t),p 6 (y,t)] = 6 a6 5(x-y) , 
[C(x,t),P(y,t)] = -<5(x-y) , 
[C(x,t),P(y,t)] = -<5(x-y) . 

The Grassmann parities of the fields are given by = e n = eg a = e Pa = , ec = 

ep = 6q = e-p = 1 and their ghost number gh{C) = —gh(V) = 1 , gh(C) = —gh(P) = 
-1 , gh(A^) = gh(7r^) = gh(9 a ) = gh(p a ) = 0. 
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